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11.1 

11.1. Introduction 

The light from most stars does not seem to vary much with 

time, this is an indication that a quasi-static mechanical 

equilibrium condition persists in stars. Our sun, which 

has been observed with great precision, shows mechanical 

motion only in the outermost layer whose mass is a negligible 

fraction of the total mass. 

we may assume that in all stars a mechanical equilibrium is 

established in the bulk part of the star. The basis of this 

approximation is further assured by results of a complete 

dynamical treatment in Chapter , where it is shown explicitly 

that dynamical effects become important only when the velocity 

of moving matter of the star approaches the speed of sound, 

which is roughly the thermal velocity of gas particles, and 

also the velocity of free falling matter corresponding to the 

surface gravity of the stars. 

Therefore as a first approximation 

By a similar argument rotation can be neglected, as far 

as the mechanical structure is concerned, provided that the 

centrifugal force due to rotation is small compared with the 

gravitational acceleration at points under consideration. 

Neglecting the motion of fluid elements and effects of 

rotation 'Ithe structure of a star assumes spherical symmetry. 

The conditions for equilibrium become simple differential 

equations from which, approximate relations between the central 

temperature, central density, and the mass of star can be 
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obtained. These relations are helpful to understanding the 

structure of the stars. 

In addition to obtaining the condition for mechanical 

equilibrium for a star;. we also develope a qualitative theory 

dstellar structure, based on methods of dimensional analysis. 

We shall show that, because of quantum effects, there exists 

a maximum temperature for stars of a given mass, and that there 

exists a maximum mass for stars::= zero temperature. 

11.2. Hydrostatic Equilibrium. 

A star is held together by its own gravitational field. 

Since the gravitational field of a mass element is isotropic, 

neglecting anisotropic effects such as rotation and magnetic 

fields, the structure of a star assumes a spherical symmetry. 

Consider a volume element dv at a distance r from the center 

of the star. The gravitational force acting on the mass of 

the volume element is -P GW%c..& 71 , where M(r) is 

the mass enclosed within a sphere of symmetry of radius r 

is the density. (Fig. 11.1). 
and P 
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The d i f f e r e n c e  between t h e  hydros t a t i c  f o r c e s  is dPdA where 

A is  t h e  a rea  of t h e  volume element and dP is t h e  d i f f e r e n c e  

between t h e  d y d r o s t a t i c  pressure a t  t h e  two su r faces  of 

t h e  volume element. I n  equi l ibr ium t h e  g r a v i t a t i o n a l  f o r c e  

is balanced by t h e  hydros ta t ic  force. Hence 

or :  

d r  

(11.1) 

(11.2)  

This  i s  o f t e n  r e f e r r e d  t o  as the  equat ion of hydros t a t i c  
r 

c equi l ibr ium. By definition,M(,-) loYrr>dr and 

t h e  corresponding d i f f e r e n t i a l  equat ion is 

der 

t h e  assoc ia ted  boundary 

(11.3) 

condi t ion is Ntr) a t  r = O .  

Eqs. (11.2) and (11.3) a re  t h e  two b a s i c  equat ions 

of stellar s t r u c t u r e .  

v a r i a b l e s  which may be chosen t o  be 

t h e  temperature.  Therefore s o l u t i o n s  of E q s .  (11.2) and 

(11.3) a r e  not  unique. Additional equat ions  a r e  requi red  

t o  render  uniqueness. 

t r a n s f e r  and energy production equat ions.  

i n  Chapter V. 

d iscussed i n  Cka pter I X .  

Generally P is a func t ion  of t w o  thermodynamic 

/ and T, where'T i s  

The a d d i t i o n a l  equat ions  a r e  energy 

They a r e  discussed 

The na tu re  of t h e  complete set of equat ions a r e  
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11.3. The V i r i a l  Theorem 

Many important p r o p e r t i e s  of s t e l l a r  s t r u c t u r e  d e a l  

wi th  t h e  mechanical equi l ibr ium. Most of t h e s e  p r o p e r t i e s  

can be obtained from an i n t e g r a l  theorem known a s  t h e  

v i r i a l  theorem. The v i r i a l  theorem is  an i n t e g r a l  r ep resen ta t ion  

of t h e  hydros t a t i c  equi l ibr ium condi t ion ,  it r e l a t e s  t h e  

s e l f - g r a v i t a t i o n a l  energy of a s t a r  t o  i t s  thermodynamic 

energy. 

q rr; Multiply both s i d e s  of Eq. (11 .2)  by -dr 
b J 

we f ind  

(11.4) 

3 
Denote by V t h e  q u a n t i t y  . V is  t h e  volume conta in ing  

I mass M r .  S u b s t i t u t e  Eq. (11.3) i n t o  t h e  r i g h t  hand s i d e  

of Eq. (11.4) w e  have 

(11.5) 

- 
Eq. (11.5) i s  in t eg ra t ed  over t h e  s t a r .  By 

p a r t i a l l y  i n t e g r a t i n g  5 v d e  I w e  

obta in  

(11.6) 
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Since  V vanishes a t  t h e  center ,  P vanishes  a t  t h e  boundary 

and t h e r e f o r e  t h e  first t e r m  vanishes ,  Eq. (iI.5) becones 

(11.7) 

This  is  t h e  V i r i a l  theorem. 

s e l f - g r a v i t a t i o n a l  energy of t h e  s t a r :  t h a t  i s ,  t h e  energy 

t h a t  is  needed t o  d i s p e r s e  t h e  ma te r i a l  of tb s t a r  i n t o  

i n f i n i t y .  The l e f t  hand s i d e  i s  a kind of thermodynamic 

energy . 

The r i g h t  hand s i d e  i s  the  

From our t reatment  on thermodynamics and s t a t i s t i c a l  

physics i n  chapter  IV, it can be e s t ab l i shed  t h a t  t h e  p re s su re  

P is r e l a t e d  t o  t he  

E by simple r e l a t i o n s  i n  t h e  fol lowing two l i m i t i n g  cases  

of gas  temperature* 

thermodynamic energy d e n s i t y  of t h e  gas  

'p= LE 
3 

non r e l a t i v i s t i c  gas  (11.8) 

r e l a t i v i s t i c  gas  (11.9) 

From Eq. (11.7) we  f i n d  t h e  r e l a t i o n  between t h e  t o t a l  

and t h e  s e l f - g r a v i t a t i o n a l  "t thermodynamic energy of t h e  s t a r  

* A gas i s  r e l a t i v i s t i c  (or  n o n - r e l a t i v i s t i c )  i f  t h e  thermal 

v e l o c i t y  is n/c (br Lc C) where c is t h e  v e l o c i t y  of l i g h t .  

If t h e  nass of t h e  gas p a r t i c l e s  is  m, then  f o r  a r e l a t i v i s t i c  

g a s  kT >> m c  
2 L 

and for a n o n r e l a t i v i s t i c  gas k T L t m c  . 
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energy of a s t a r  EG : 

((11.11) 
r e l a t i v i s t i c  case  

The t o t a l  energy of a s t a r  W may be def ined t o  be t h e  sum of 

E and E& . W e  t h e r e f o r e  f ind :  t 

=o 

W e  t he re fo re  

non r e l a t i v i s t i c  

r e l a t i v i s t i c  

ob ta in  an important r e s u l t  t h a t  a 

(11.12) 
ca se  

(11.13) 
case  * 

s t a r  composed 

of r e l a t i v i s t i c  gas is  not  g r a v i t a t i o n a l l y  bound. As a s t a r  

approaches r e l a t i v i s t i c  condi t ions  i n s t a b i l i t y  may a r i s e .  These 

i n s t a b i l i t i e s  a r e  discussed i n  more d e t a i l  i n  Chapter X I I I ,  

* S t r i c t l y  speaking, i f  a s t a r  is composed of only one type  of 

gas  p a r t i c l e s ,  when t h e  gas becomes r e l a t i v i s i c ,  gene ra l  r e l a t i v i s t i c  

co r rec t ions  t o  t h e  s t e l l a r  s t r u c t u r e  equat ions (11.2) and (11.3) 

a l s o  becomes important and t h e  p re sen t  theory  i s  no longer 

appl icable .  However, i n  a s t a r  both e l e c t r o n s  and nuc le i  c o n t r i b u t e  
n e s s  

t o  pressure and it may happen t h a t ,  because of t h e  comparative small-)( 

of t h e  e l e c t r o n  mass, t h e  e l e c t r o n  gas  can become r e l a t i v i s t i c  

while  general  r e l a t i v i s t i c  c o r r e c t i o n s  t o  (11.2) and (11.3) 

are s t i l l  unimportant. 
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The photon gas  is  a r e l a t i v i s t i c  gas ,  hence i n s t a b i l i t i e s  

can a l s o  occur i n  a s t a r  if t h e  r a d i a t i o n  p res su re  dominates 

over gas  pressure .  W e  s h a l l  show i n  Sect. I1 t h a t  t h i s  w i l l  

g ive  rise t o  a m a x i m u m  mass l i m i t  f o r  s t a r s .  

11.4. Secular  S t a b i l i t y  of tk S t a r s .  

The fact  t h a t  a star made of r e l a t i v i s t i c  gas is uns tab le  

l eads  t o  t h e  important quest ion of s t a b i l i t y  f o r  t h e  s t a r s .  

There are many types of s t a b i l i t y  problems and c r i t e r i a  f o r  

s t a b i l i t y ,  bu t  here  we only need t o  ask i f  t h e  equi l ibr ium 

conf igu ra t ion  of a s t a r  is s t a b l e  aga ins t  small  pe r tu rba t ions .  

This  kind of s t a b i l i t y  i s  ca l led  secu la r  s t a b i l i t y .  

S m a l l  pe r tu rba t io lns  applied t o  s t a r s  can be regarded 

a s  ad iaba t i c  pe r tu rba t ions .  This assumption is  f u l l y  j u s t i f i e d  

i n  most cases  )\The time sca le  f o r  r e d i s t r i b u t i o n  of energy 

i n  s t e l l a r  i n t e r i o r  i s  of t h e  order  of 10 yea r s  or  more 

( ~ 1 0  years  f o r  t h e  sun) .  The t i m e  s c a l e  f o r  Pe r tu rba t ions  

except  near t h e  outer  layers  of a s t a r .  

3 

T 

t o  propagate ac ross  t h e  s t a r  is  of t h e  order  of tk period 

of pu l sa t ion ,  which ranges from a f e w  hours t o  a f e w  days. 

The fol lowing s t a b i l i t y  s ta tements  can now be made: A 

s t a r  i s  secu la r ly  s t a b l e  i f  it is s t a b l e  aga ins t  a r b i t r a r y  

a d i a b a t i c  pe r tu rba t ions :  a star is  s e c u l a r l y  uns t ab le  i f  

it is uns tab le  aga ins t  any one m o d e  of pe r tu rba t ion .  I n  t e r m s  

of energy, a s tar  is s t a b l e  i f  i t s  equi l ibr ium conf igura t ion  

is loca ted  a t  t h e  abso lu te  minimum on i ts  energy su r face .  
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T h i s  means t h a t  t h e  f i r s t  v a r i a t i o n  of W vanishes and the 

second v a r i a t i o n  of W i s  g r e a t e r  than  zero.  To summarize, w e  

have 

\ r J L O  (condi t ion  f o r  g r a v i t a t i o n a l  binding) (11.14) 

(sw)d = O  (condi t ion  f o r  h y d r o s t a t i c  equi l ibr ium) (11.15) 

z (s d)k> 0 (condi t ion  f o r  s ecu la r  s t a b i l i t y )  (11.16) 

where the  s u b s c r i p t  “ad” r e f e r s  t o  a d i a b a t i c  condi t ions  

and 6 denotes v a r i a t i o n .  The a d i a b a t i c  conditon is 

a l s o  t h e  same as t h e  condi t ion  S = c o n s t a n t  where 5 is t h e  

entropy. I n  t h e  rest of t h i s  s e c t i o n  a l l  v a r i a t i o n s  r e f e r r e d  

t o  a re  taken t o  be under t h e  condi t ion  s=constant .  

be t h e  s p e c i f i c  volume (volume per  I Let V = - 
I” 

u n i t  mass) and le t  e be t h e  thermodynamic energy per  

u n i t  mass. The v a r i a t i o n  on Et g ives  

(11.17) 

According t o  Chapter 111, 

Fur ther ,  from Eq. (11.3) 

(11.18) 

(11.19) 
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hence 

Eq. (11 .17 )  then becomes 

(11.20) 

(11 .21 )  

The variat ion on E is G 

The condition for equilibrium (11.15) thus becomes: 

Substituting E q .  (11.3)  in to  Eq. ( 1 1 . 2 4 ) ,  we obtain 

which is  the  same a s  Eq. ( 1 1 . 2 ) .  

The second variat ion of is 

( 1 1 . 2 4 )  

(11.25) 
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W e  f i nd  I however I 

and 

(11.26) 

Define t h e  f i r s t  a d i a b a t i c  exponent r] I by t h e  equation:* 

(11 .28 )  

-T 
1 

has a s i m p l e  meaning: I n  an a d i a b a t i c  process t h e  r e l a t i o n  

between P and v is  

(11.29) 

2 
The second v a r i a t i o n  of E t  is  an i n t e g r a l  of % over 

is  j u s t  G- dMr . The second v a r i a t i o n  of E 

(11.30) 

Subs t i t u t e  Eqs. (11.26) through ( 1 1 . 2 8 ) )  i n t o  Eq.  (11.25) and 

Eq. (11.30),  i n t e g r a t e  Eq.  (11.25) Over dM<f) we  f ind  

~~ 

*The rest of a d i a b a t i c  exponents a r e  def ined i n  Chapter 111. 



By p a r t i a l l y  i n t e g r a t i n g  t h e  second t e r m  we  f ind  it is  i d e n t i c a l  

w i th  t h e  t h i r d  t e r m .  Eq. (11.31) then becomes 

Change va r i ab le  f rm M r  t o  V, we  f i n d ,  s i n c e  v= hV - , 
c ' h )  

6'w =p 0 &&T + S  Y h-P &j (N)]dv / V 

i 

(11.33) 
d s V  

where t h e  upper l i m i t  of i n t eg ra t ion  \/R 

of t h e  s t a r  and is - , R is t h e  r ad ius  of t h e  s t a r .  4m3 
3 

The s t a b i l i t y  c r i t e r i o n  can now be s t a t e d  i n  t e r m s  of 6w : 
2 

\ The s t a r  is s t a b l e  i f  6 (,d is g r e a t e r  t han  zero  f o r  every 6\/ , 
'L 

t h e  s ta r  i s  uns tab le  i f  6 1A/ is less than  zero  f o r  a sv. - 
L e t  3 6 .  Following Dyson' s t r e a t m e n t 2 d e f  i n e  a 

quan t i ty  'f : 

always g r e a t e r  than zero. Comparing Eq. (11.34) and (11.33) 

we  see t h a t  t h e  condi t ion  for  s t a b i l i t y  is t h a t  

every This condi t ion  is e a s i l y  r educ ib l e  i n t o  an eigen 

> g  
3 f o r  

value problem. 
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by t h e  following equation: 7 Def ine 

I f  7 
I f  t h e  s t r u c t u r e  of t h e  s t a r  is  given then  and P a r e  

func t ions  of V. I f  g i s  a l s o  a given func t ion  of V then  

from Eq. (11.34) can be computed. Conversely, i f  is 

given a p r i o r i ,  then t h e  equat ion f o r  g can be obtained from 

Eq. (11.35) by r equ i r ing  t h a t  t h e  only form of g i s  admissible ,  

i f  it gives  7 =O. 

i s  set t o  be zero,  Eq.  (11.35) i s  t h e  same a s  Eq. (11.34). 

I 

This  i s  t h e  same a s  t o  s t a t e  t h a t  

(11.36) 

From t h e  v a r i a t i o n a l  p r i n c i p l e ,  t h i s  r e s u l t s  i n  t h e  following 

equat ions:  

(11.37) 

The boundary conditon f o r  Eq. (11.37) i s  

g=O a t  V=O (condi t ion  a t  t h e  c e n t e r )  (11.38) 

P*=o .rpzO (condi t ion  a t  t h e  su r face )  (11.39) 
I dv 

These boundary condi t ion  a r e  phys i ca l  requirements.  Ce r t a in ly  

e must not  have s i n g u l a r i t i e s  
and C W  

%v must vanish i f  V is zero,  

anywhere. Eq. (11.37) is a s e l f - a d j o i n t  second order  d i f f e r e n t i a l  

equat ion;  it is known from t h e  theory of d i f f e r e n t i a l  equations 
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t h a t  s o l u t i o n s  t o  Eq. (11.37) which s a t i s f i e s  boundary condi t ions  

a t  two p o i n t s  i n  space exist  only f o r  a l imi ted  range and 

va lues  of f . This  set of f i s  c a l l e d  t h e  eigen 

va lue  of t h e  d i f f e r e n t i a l  eqaation. L e t  t h e  minimum e igen  

value be ro . 
i f  xu> y/3 

no t  s t a b l e .  

Then t h e  statement of s t a b i l i t y  s t a t e s  t h a t ,  

t h e  s tar  is s t a b l e  and i f  rv < t h e  s ta r  i s 

Generally 7 is a func t ion  of thermodynamic v a r i a b l e s  
I 

and is not  a cons tan t .  N o  genera l  s o l u t i o n  has been found f o r  

Eq. (11.39), hence no general  s t a b i l i t y  c r i t e r i o n  can be 

given. Each problem must be t r e a t e d  sepa ra t e ly .  However, 

i n  many cases  7 = constant .  I n  t h i s  ca se  s o l u t i o n  t o  

Eq. (11.37) is e a s i l y  obtained. The s o l u t i o n  is: 

4 

1 

(11.40) 

? = A d  (11.41) 

where k is a cons tan t .  The s t a b i l i t y  condi t ion  k2bd > 0 

P a r t i a l l y  i n t e g r a t i n g  t h e  second t e r m ,  Eq. (11.42) becomes 

(11.43) 
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A non r e l a t i v i s t i c  gas  has = 5/3 and is stable. 
f 

A r e l a t i v i s t i c  gas has 7 = 4/3, and i s  not s t a b l e .  

o the r  reasons (e ,g .  i n t e r n a l  degrees  of freedom) 7 may 

For 
f 

I 

be below 4/3. 

I1 -5. I n t e q r a l  Theorems. 

The v i r i a l  theorem i s  an i n t e g r a l  of t h e  equat ion f o r  

hydros t a t i c  equi l ibr ium; it relates t h e  thermodynamic energy 

of a s t a r  t o  i t s  g r a v i t a t i o n a l  energy. There a r e  o ther  s i m i l a r  

i n t e g r a l s  expressing i n e q u a l i t i e s  between-. t h e  c e n t r a l  

pressure,  temperatue, t o  t h e  m a s s  and r a d i u s  of a s t a r ,  

Some of these i n t e g r a l  theorems a r e  discussed below. 

Theorem 1. (Chandrasekhar) I f  t he  d e n s i t y  /9 does 

not  increase  outward, then 

where 

(11.45) 

is  t h e  mean d e n s i t y  i n t e r i o r  t o  r .  

Proof: I n t e g r a t i n g  t h e  hydros t a t i c  equi l ibr ium equat ion ( 1 1 . 2 )  

from 0 t o  r ,  w e  f i n d  

(11.46) 
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El iminate  r i n  t h e  i n t e g r a l  by using Eq. (11.45), 

Xf /o does n o t  i nc rease  outwards, does 

outwards too. 

r e s p e c t i v e l y ,  we  ob ta in  t h e  inequa l i ty  (11.44). 

Replace /- i n  t h e  i n t e g r a l  by 

S e t  r = R  i n  Eq. (11.44), we  f i nd  

Numerically t h e  r i g h t  hand s i d e  of Eq. (11.48) is: 

Theorem 2.  ( R i t t e r )  . I n  equi l ibr ium, 

Proof. Since 

we  f i n d  

(11.47) 

not  i nc rease  

m h  rB Cr) 

(11.48) 

(11.49) 

(11.50) 

(11.51) 

decreases  outward. &MY c) we conclude t h a t  + 
YlrrY 

(11.52) 

r = O  t o  r = R .  W e  f i n d  

(11.53) 
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B y  p a r t i a l l y  i n t e g r a t i n g  t h e  second i n t e g r a l  i n  t h e  middle 

of Eq. (11.53),  we  f i nd  

l. 

3 @  
R l  S u b s t i t u t e  Eq. (11.54) i n t o  Eq. (11.53),  add 

and use t h e  v i r i a l  theorem t o  e l imina te  L P d V  

have 

Corollary.  Eq. (11.48) can a l s o  be r e w r i t t e n  as: 

S u b s t i t u t e  t h i s  r e s u l t  i n t o  Eq. (11.55) we  ob ta in  

(11.55) 

( I I .55a)  

(II .55b) 

Theorem 3. ( R i t t e r ) .  I f  r a d i a t i o n  p res su re  i s  n e g l i g i b l e  an d 

t h e  gas i s  a c l a s s i c a l  i d e a l  gas ,  t h a t  is, 

(11.56) 

where /ix i s t h e  number of gas particles per proton m a s s  
-I 

( /rx. is t h e  molecular weight = [i t 5) ) (and i f  

is a constant  throughout t h e  s ta r ,  then  

‘ A  R 
(11.57) 
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where -/- is t h e  average temperatuEe def ined by 

(11.58) 

(11.59) 

U s e  t h e  r i g h t  hand s i d e  of Eq. (11.55), we ob ta in  

( A  more s t r i n g e n t  l i m i t  on E has been found by 6- 
Chandrasekhar t o  be - 

where 5 i s  given by 

(11.61) 

(11.62) 



11.18 

Theorem 4 .  (Chandrasekhar) . L e t  ( 1  -A,) be the r a t i o  

of the radiation pressure t o  the  t o t a l  pressure, 

gas i s  a c l a s s i c a l  idea l  gas ,  then 

than i f  the  

(I-/%) c l-p* (11.64) 

where /* s a t i s f i e s  the  quartic  equation: 

Proof. The t o t a l  pressure P is  given by 

(11.65) 

(11.66) 

4 
where is the  radiation pressure. The d e f i n i t i o n  

of (1-P) i s  then 

F r o m  E q s .  (11.67) W e  obtain 

Hence 

(11.67) 

(11.68) 

(11.69) 

(11.70) 



From Eq. (II.48), we have 

(11.71) 

With a little algebra, from E q s ,  (11.70) and (11.71), we obtain 

-31c 
I f  we define /8 by Eq. (11.651, then clearly 

(I1 , 72) 

(11.73) 

P we 
since ( 
find 

is a monotomic function of 

The values of (/-,#) are 0.025, 0.1, 0.4, 0.6, 0.8 
L 

= 0.908, 2.130, 9.585, 26.41, 122.0. 

11.6. The Uncertainty Principle of Heisenberq and the Enerqy- 

Density Relation of a Gas at low Temperature. 

In some cases discussed previously it was assumed that 
particle 
theigas is a classical ideal gas. This assumption is valid only 

if the temperature is high, or the density is law. At high 

density and low temperature all real gases exhibit quantum 

phenomena. Among all quantum effects the most important one 

in astrophysics is the Fermi degeneracy, 
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The effect  of F e r m i  degeneracy can be understood i n  t e r m s  

of t h e  Uncertainty P r i n c i p l e  of Heisenberg. According t o  

t h i s  p r i n c i p l e ,  both t h e  p o s i t i o n  r = (x, y ,  z )  and t h e  
/u 

p ) of a p a r t i c l e  can be determined ‘5  Pf * momentum p = 

only t o  w i t h i n  an unce r t a in ty  b r  and d p  given by t h e  

following equat ions : 

N 

w w 

The values of 

values  of t h e  wave 

(11.75) 

dynamical v a r i a b l e s  of a p a r t i c l e  a r e  e igen  

equat ion i n  quantum mechanics, and t h e  

complete set of e igen  values  of the dynamical v a r i a b l e s  

spec i fy  t h e  s ta te  of t h e  p a r t i c l e .  The p o s i t i o n ,  momentum, 

angular momentum, and so on, a r e  t y p i c a l  dynamical v a r i a b l e s .  

For a free e l e c t r o n  t h e r e  are t h r e e  sets of dynamical va r i ab le s :  

t h e  p o s i t i o n  r ,  t h e  momentum p and t h e  s p i n  I (=ax). The s p i n  

has t w o  e igen  values  corresponding t o  t h e  two d i r e c t i o n s  of 
/v m 

t h e  spin.  Because of Eq. (11.75), i f  t k s p i n  of t h e  e l e c t r o n  

i s  spec i f i ed ,  s t a t e s  w i th  d i f f e r e n t  momentum and p o s i t i o n  

coordinates  wi th in  a volume element r a (where 

br and hf s a t i s f i e s  Eq. (11.75)) a r e  not  d i s t i ngu i shab le  

and the re fo re  should be counted a s  one s t a t e  only. Since 

& ’R 
N n# 

t h e r e  a r e  two value of s p i n  allowed, w i th in  t h e  volume element 

b3r n’p t h e r e  a r e  two s t a t e s .  * N 
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Elec t rons  a r e  Fermions, hence w i l l  fol low P a u l i ' s  exclusion 

P r i n c i p l e ,  which states t h a t  t h e  number of p a r t i c l e s  i n  each 

s t a t e  i s  e i t h e r  one or  zero,  This  means t h a t  w i th in  the  

volume element d3,7 t h e  maximum number of e l e c t r o n s  

is  t w o .  
- 

L e t  $ be t h e  mean d i s t ance  of sepa ra t ion  between 

e l e c t r o n s ,  then t h e  number dens i ty  of e l e c t r o n s  is 

(11.76) 

L e t  t h e  mean unce r t a in ty  i n  t h e  p o s i t i o n  of t h e  e l e c t r o n  be 

. Cer ta in ly  "r, cg , A l s o  t h e  mean unce r t a in ty  of "fe 
T'r t h e  mornentum,Af< is  less than t h e  average momentum 

Theref or e 

r p  -4 c c -  (11.77) 

From Eq. (11.76) and (11.77) w e  ob ta in  a m a x i m u m  e l e c t r o n  

cuOr'' corresponding t o  an aberage e l e c t r o n  momentum fe : d e n s i t y  7 
Q w.13 & 3 3 

nt 0 ---*.e f i 3  wr (IS. 78) 

w h e r e  

(A d e t a i l e d  a n a l y s i s  i n  chapter I11 g ives  

is t h e  s t a t i s t i c a l  w e i g h t  of t h e  electron and & =  2.  

(II.78a) ) 

For a given dens i ty  Eq. (11.78) s t a t e s  t h a t  t h e  average 

. That is, even a t  te cannot f a l l  below 
4e 

momentum 
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absolu te  zero,  microscopic k i n e t i c  energy of th e l e c t r o n  i s  

not zero  but is  some f i n i t e ,  t h e  value of t h i s  r e s i d u a l  thermo- 

dynamic energy E(T=O) , is  

(T=o) = /If€< (11.79) 

where eQ i s  approximately t h e  mean energy: 

(11.80) 

For non r e l a t i v i s t i c  e l e c t r o n s  

t 

(11.81) 6 - Pe 
e_ -- 

an 

Hence t h e  energy d e n s i t y  r e l a t i o n  i s  (us ing  t h e  more 

exact  r e l a t i o n  (II .78a)  ) 

(11 .82 )  

For r e l a t i v i s t i c  e l e c t r o n s  

Hence t h e  energy d e n s i t y  r e l a t i o n  i s  

(11.83) 

(11.84) 

For a real  gas whose temperature i s  not  zero,  t h e  energy-density 

r e l a t i o n  i s  much more complicated. However i f  kI CL 

Eqs. ( 1 1 . 8 2 )  and (11.84) a r e  good approximations t o  t h e  

energy dens i ty  r e l a t i o n .  The l i m i t - , +  kl 0 is  known as t h e  
e€L 
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Fermi degeneracy l i m i t .  

Because E(T=O) is inverse ly  p ropor t iona l  t o  t h e  mass, 

a t  it is expected t h a t  t h e  energy of t h e  e l e c t r o n s  

w i l l  dominate over t h a t  of heavier p a r t i c l e s .  Hence a t  low 

temperature t h e  p re s su re  and energy of an e l e c t r o n  gas 

dominates. 

11.7. Dimension Analysis of Stellar S t r u c t u r e  Equations. I. 

Fermi Deqeneracy and S t e l l a r  S t ruc tu re .  

The equat ions of stellar s t r u c t u r e  are non l i n e a r  equat ions:  

i n  gene ra l  s o l u t i o n s  cannot be generated from a known s o l u t i o n  

by a change of scale. Only i n  a f e w  h ighly  idea l i zed  cases  

is t h i s  poss ib l e .  

However, f o r  a s t a r  of homogeneous s t r u c t u r e  s o l u t i o n s  

show s t rong  dependence on t h e  m a s s ,  r ad ius ,  temperature,  

and t h e  equat ion of thermodynamic s t a t e .  Approximate s o l u t i o n s  

can be obtained f r o m  a known s o l u t i o n  by a change of scale: 

such an a n a l y s i s  of s o l u t i o n  c h a r a c t e r i s t i c s  is known 

as "dimension ana lys i s " .  

(a) The Grav i t a t iona l  Enerqv of a Star. 

The upper l i m i t  f o r  t h e  g r a v i t a t i o n a l  energy of a s t a r  
I 
I 

obtained i n  Eq. (II .55b) is a very generous upper l i m i t .  For 

m o s t  homogeneous s t a r s  t h e  r a t i o  of p re s su re  t o  dens i ty  

f o l l a w s  a simple r e l a t i o n :  

(11.85) 
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It i s  found t h a t  t h e  parameter n i s  roughly a cons tan t  (varying 

from 3 a t  the  cen te r  t o  1.5 a t  t h e  s u r f a c e  for t h e  sun ) .  

( n  is known a s  t h e  poly t ropic  index) .  I n  chapter  I X  it i s  

shown t h a t  i f  ~~~ 

1 cr 
n t hen  t h e  g r a v i t a t i o n a l  energy 

d a s t a r  is given by 

(11.86) 

For o ther  reasons t h e  case  n 5 5  may be excluded f r o m  our 

d i scuss ion ,  and f o r  most s t a r s  n v a r i e s  from 1.5 t o  3 .  Hence 

G M  
E G  i s  of t h e  order  of - 

K 
(b) Temperature, m a s s ,  r a d i u s  r e l a t i o n  for  a s t a r  made 

of a c l a s s i c a l  i d e a l  gas. 

The pressure  P is 

With t h e  r e s u l t  f r o m  (a)  t h e  v i r i a l  theorem then  g ives  

( 11.85) 

Numerically 

(c) Non-re la t iv i s t ic  

Gas (The Maximum 

case  of a S t a r  Composed of Fe rmi  

Temperature of S t a r s ) .  

Express - 1  i n  t e r m s  pe , we have, i n  t h e  non-re la t iv i s -  

t i c  case ,  

(I1 -87) 
an 
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4 

W e  can express  Eq. (Ii.86; i n  t e r m s  of re ( t h e  mean value 

of re throughout t h e  s t a r ) .  W e  f i n d ,  

(11.88) 

where N is  t h e  t o t a l  number of proton masses of t h e  s t a r ,  P 

A and z a r e  t h e  average values of t h e  mass number and 

atomic number r e spec t ive ly .  

t 
Mult ip ly  both s i d e s  by r, and lxse t h e  unce r t a in ty  r e l a t i o n  

( I I . 7 7 ) ,  we  f ind :  

- 
5 -f- (11.89) 

c 

Using Eq. (11.87) t o  e l imina te  re , we f ind  

Therefore  TmS is t h e  m a x i m u m  temperature t h a t  a s t a r  

of m a s s  M may ever  reach,  ssuming t h a t  t h e  e l e c t r o n s  never 

become r e l a t i v i s t i c .  
9 0  

= 5.93 x 10 K, Express temperature i n  u n i t s  of < = __ PI 2- 
Ac 

Eq. (11.90) can be s impl i f i ed  t o  g ive  

It i s  n a t u r a l  t o  de f ine  a un i t  No f o r  t h e  number of proton 
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masses i n  a s t a r ,  t h a t  

(11.92) 

Eq. (11.92) then  becomes 

(11.93) 

- i s  t h e  equiva len t  of t h e  f i n e  s t r u c t u r e  cons tan t  

f o r  the  g r a v i t a t i o n a l  f i e l d .  Numerically 
* c  

(11.94) 

Eq. (11.93) can be used t o  understand t h e  ex i s t ence  of 

p l ane t s  and stars. The most abundant element i n  stars 

is  hydrogen, whose i o n i z a t i o n  temperature T i  is roughly 

given by 

and so lve  f o r  to TmoinC Equating t h e  n k e r i c a l  value of T .  
c 

-3  
(Np/hJD) , we f i n d  t h a t  i f  M 5 1 0  @ , t h e  temperature 

of t h e  s t a r  i s  never high enough t o  completely ion ize  hydrogen. 

This may be taken t o  be t h e  d iv id inq  mass between s t a r s  and 

p l a n e t s .  

p l a n e t  J u p i t e r ,  whose mass is  around 10 -30 

observed companion t o  a b inary  s ta r  is  t h a t  of Barnard 's  s t a r .  

The mass is  ca l cu la t ed  t o  be around 10 @ . 

The most massive p l a n e t  i n  t h e  s o l a r  system i s  t h e  

. The sma l l e s t  

-3 
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I n  order t h a t  hydrogen nuclear r e a c t i o n  may proceed 

favorably,  t h e  temperature of a s t a r  must be g r e a t e r  than 

we  f ind  it i s  necessary t h a t  W '  l o 3  OK. U s e  t h i s  value f o r  T 

(11.96) 

For s ta rs  of masses less than  t h i s  value t h e r e  is no 

nuc lear  energy source,  
L g r e a t e r  or equal  t o  t h e  s o l a r  massj  

i s  of t h e  order  of 
Inal( 

This is a l s o  t h e  temperature f o r  completion 

For stars of mass& I T  

K. 
9 0  

6 x 10 

of nuc lear  r e a c t i o n  sequences u n t i l  Fe 
Cb 

is formed. 

SL4 

elements up to  Fe could 

be  synthesized.  

(d)  R e l a t i v i s t i c  case  of a s tar  Composed of F e r m i  Gas. 

(The Landau-Chandrasekhar Mass L i m i t )  . 
W e  now examine t h e  case  of l a r g e  s t e l l a r  mass, but  w i l l  

l i m i t  ourse lves  t o  t h e  degeneracy l i m i t ,  

p r e s su re  r e l a t i o n  is  

The energy densi ty-  

(11.97) 

where o( = 2 ,  1 i n  t h e  n o n - r e l a t i v i s t i c ,  and t h e  r e l a t i v i s t i c  

ca ses  r e spec t ive ly .  The v i r i a l  theorem then  becomes 

(11.98) 
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Neglecting t h e  f a c t o r  o( which w i l l  in t roduce an e r r o r  by 

a t  most a f a c t o r  of 2 ,  w e  can w r i t e  approximately, 

From t h e  d e f i n i t i o n  of re , we f ind  

( 11.99) 

(11.100) 

, s u b s t i t u t i n g  
\ 

Mult iply both s i d e s  of Eq.  (11.98) by - 
Eqs. (11.99) and (11.100) i n t o  Eq.  (11.98) and express  N i n  

u n i t s  of N (Eq .  (11.92)) , we f i n d ,  i n  t h e  l i m i t  <-c 

%c 

P - 
K 

- f  2, 
0 

L e e ' +  m c  

(11.101) 

= %c = 3.8611~10 c m .  is  t h e  Compton wave 
JC 

where 

length  of t h e  e l e c t r o n .  The Uncertainty r e l a t i o n  (11 .77)  

w i th  t h e  equal  s i g n  has been used t o  e l imina te  e, . 
- 

The r i g h t  hand s i d e  of Eq. (11.101) has a m a x i m u m  a t  rc=O, 
9 
L- 

t h e  maximum value is  uni ty .  For a given value of 

it is poss ib l e  t o  f ind  a p o s i t i v e  value of 

Eq. (11.101) i s  s a t i s f i e d .  I f  z) /Vthhl, , then  no 

s o l u t i o n  exists. Eq.  (11.101) expresses  t h e  equi l ibr ium condi t ion  

tc such t h a t  

P Z  

of a s t a r  composed of a Fermi gas.  The absence of a s o l u t i o n  
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implies that equilibrium configurations does not exist if 

the pressure due to an electron gas dominates at low temperature, 
-2 this means for stars of masses f l  2 2% Ya ($)a no 

static equilibrium configuration exist. The existence 

of this mass limit was first predicted by Landau, but the 

numerical value for the limiting mass (M has been worked 

out by Chadrasekhar to be 

Aim 1 

(11.102) 

even at zero temperature 

At P, /oy$/&ogen is not stable'against nuclear 

reaction leading to the formation of heavier elements, hence 

the ratio of Z / A  is around 1/2. 

mass is around 5.76/4 @ = 1.44@ . In practice / decay 
This means that the limiting 

instability will set in for masses between @ and 1.40, 

depending on the composition, Hence the practical mass limit 

is less than 1.440 . 
Our analysis also shows that rc is of the order of 2, . 

i b 3 
This will give a mean density of around 10-10 g/cm . This 
value is consistent with observed values for the density of 

At finite temperature the ;L" Stfin Eq. (11.101) is 

replaced by) , and our conclusion is not valid, equilibrium 

configuration for stars of arbitrary mass exist. However, the 
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energy supply of a l l  s t a r s  i s  l imi t ed .  Eventual ly  t h e  

s t a r  has  t o  encounter t h e  mass l i m i t  problem. This  problem 

i s  discussed i n  Chapter X I I I .  

11.8. Dimension Analysis of S t e l l a r  S t r u c t u r e  Equations. 

11. Radiation and S t e l l a r  S t r u c t u r e .  

( a )  S t a b i l i t y  of Massive S t a r s ,  

According t o  E q ,  ( 1 1 . 1 2 )  t h e  r a t i o  O( of t h e  t o t a l  energy 

t o  t h e  g r a v i t a t i o n a l  energy of a s t a r  decreases  a s  P approaches 

(l/f- I f  a s m a l l  amount of energy s w  i s  suppl ied t o  

t h e  s t a r ,  the  g r a v i t a t i o n a l  energy of t he  s t a r  w i l l  change 

LEG SLJ 
UJ by a f r a c t i o n  - 

EG- 
. This means t h a t  

t h e  rad ius  of t h e  s t a r  w i l l  a l s o  change approximately by 

A s  approaches zero,  w 

approaches zero  and t h e  supply of an energy much smaller  

bu t  comparable t o  w, can s t i l l  cause t h e  r ad ius  G than E 

of t h e  s t a r  t o  change considerably.  The s t a r  is  thus  

e a s i l y  made t o  o s c i l l a t e .  

The o s c i l l a t i o n  can t ake  p l a c e  spontaneously i f  t h e  s t a r  

has an energy source t h a t  is  s t r o n g l y  temperature dependent. 

When a small o s c i l l a t i o n  t akes  p l ace ,  when t h e  r a d i u s  i s  

a t  i t s  m i n i m u m  t h e  temperature of t h e  s tar  w i l l  be a t  i t s  

maximum causing energy t o  be over produced. This energy 

w i l l  f u r t h e r  i nc rease  t h e  amplitude of o s c i l l a t i o n ,  t h i s  i n  

t u r n  increases  t h e  energy supply,  When o s c i l l a t i o n s  of l a r g e  

amplitudes t a k e  p l ace ,  mat ter  w i l l  be  e j e c t e d  from t h e  s t a r ,  

reducing its mass, 
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For r a d i a t i o n  P = (1/3)E, hence when t h e  r a d i a t i o n  pressure  

dominates over t h e  gas  pressure t h e  star w i l l  become 

uns t ab le  a g a i n s t  o s c i l l a t i o n .  W e  may t h e r e f o r e  t ake  a s  t h e  condi t ion  

f o r  i n s t a b i l i t y ,  when t h e . r a t i o  

r a d i a t i o n  pressure  r a d i a t i o n  enerqy d e n s i t y  
gas  p re s su re  - gas  energy d e n s i t y  

becomes t o o  l a r g e  then t h e  condi t ion f o r  s t a b i l i t y  

a g a i n s t  pu l sa t ion  is  t h a t  

(I1 - 103) 
average 

r a d i a t i o n  enerqy d e n s i t y  
gas  energy d e n s i t y  
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must not exceed some value of t h e  order  one. 
-4 

Approximate t h e  average r a d i a t i o n  energy d e n s i t y  by ClT . 
This  approximation w i l l  over emphasize t h e  importance of t h e  

r a d i a t i o n  energy d e n s i t y ,  r e s u l t i n g  i n  t o o  l a r g e  an e s t ima te  

of )( . Hence t h e  condi t ion  f o r  s t a b i l i t y  aga ins t  p u l s a t i o n  

becomes tkEt  must no t  be too l a r g e .  

The average gas energy d e n s i t y  is ( f o r  a non- r e l a t i v i s t i c  

and non-degenerate gas) 

(11.104) 

The t e r m  ( 1 / Z )  is due t o  con t r ibu t ions  from nuc le i .  U s e  

, and from t h e  d e f i n i t i o n  of fe Eq. (11.87) t o  e l imina te  

a (Steffan-Boltzmann cons tan t )  

(11.105) 

Therefore & 
ourselves  t o  not  t o o  l a r g e  a value of @, , then t h e r e  i s  

inc reases  a s  t h e  square of M. I f  we  res t r ic t  

an upper m a s s  l i m i t  f o r  t k s t a r s .  

Harm and Schwarzschild i n d i c a t e s  an upper l i m i t  of 6 0 0  

T h i s  is  c o n s i s t e n t  w i t h  t h e  maximum m a s s  observed. (The P l a s k e t t ' s  

A d e t a i l e d  a n a l y s i s  by 

S t a r ) .  
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(b) S t e i l a r  Luminosity. 

Energy produced i n s i d e  a s t a r  d i f f u s e s  outwards t o  t h e  

s u r f a c e  where it is rad ia t ed  away. Nuclear energy is  t h e  main 

energy source of a s t a r ,  and t h e  nuclear  energy production r a t e  

is very temperature s e n s i t i v e .  I f  t h e  f o l l w i n g  approximation 

is  used f o r  t h e  production rate ( e r g s  per g-sec) a t  

cons t  a n t  d e n s i t y  , 

(I1 . 107) 
LO) 

w h e r e r  is a cons tan t ,  then t h e  exponent k is  around 5 for 
y\ 

t h e  proton-proton r e a c t i o n  and is  about 10 f o r  o ther  

r eac t ions .  The rate of outflow of energy is gene ra l ly  not  a 

s e n s i t i v e  func t ion  of t h e  temperature, being roughly - Lnot vary as  d r a s t i c a l l y  w i t h  t h e  temperature a s  
p ropor t iona l  t o  T (assuming a cons tan t  opaci ty . )  The opac i ty  does & 

e does. Hence I 
t h e  production r a t e  can be caused t o  vary by 

o rde r s  of magnitude by a s m a l l  change i n  temperature while  

t h e  outflow rate remains p r a c t i c a l l y  cons tan t .  This means 

t h a t  t h e  temperature of a star is adjus ted  u n t i l  t h e  rate 

of product ion ra te  equals  t h e  outflow r a t e .  If a s l i g h t  

temperature pe r tu rba t ion  i s  applied t o  a s ta r ,  t h e  s t a r  

w i l l  tend t o  restore i t s  temperature t o  the value a t  which 

a balance of energy is reached. T h i s  can be seen a s  folluws: 

Consider t h e  case  when t h e  production r a t e  exceeds t h e  outflow 

rate. Energy w i l l  accumulate i n  t h e  s t a r ,  increas ing  

t h e  temperature.  Then t h e  p re s su re  i n s i d e  w i l l  increase .  
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An increase  i n  t h e  pressure  w i l l  expand t h e  s t a r ,  decreas ing  

i t s  temperature,  r e s u l t i n g  i n  a decrease  i n  t h e  energy production 

r a t e :  t h e  temperature a s  w e l l  a s  t h e  p re s su re  a t  t h e  cen te r  

w i l l  decrease and t h e  s t a r  w i l l  c o n t r a c t ,  hea t ing  up t h e  s t a r  

and increas ing  t h e  energy product ion ra te .  

While a d e t a i l e d  knowledge of s t e l l a r  luminosity r e q u i r e s  

a f u l l  treatment of t h e  r a d i a t i v e  t r a n s f e r  problem, a rough 

e s t ima te  can be obtained from phys ica l  arguments. The r a t e  

of r a d i a t i v e  t r a n s p o r t  is dependent on t h e  i n t e r a c t i o n  of 

photons with ma t t e r ,  and t h e  problem may be regarded a s  a d i f f u s i o n  

problem. 

frequency absorpt ion and re-emission t akes  p lace .  I f  t h e r e  

w e r e  no absorpt ion,  photons emit ted a t  t h e  cen te r  of a s t a r  

w i l l  reach t h e  su r face  i n  R/c seconds. Af te r  a photon i s  

absorbed and re -emi t ted , the  d i r e c t i o n  of t h e  re-emitted photon 

is not  the  same a s  t h e  o r i g i n a l  photon. 

problem can be regarded a s  a random walk problem: a photon 

The r a t e  of d i f f u s i o n  is  determined by the  

Hence t h e  d i f f u s i o n  
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changes i t s  d i r e c t i o n  after one mean free pa th ,  According 

t o  t h e  theory of random walk problem, i f  t h e  mean free pa th  

a p a r t i c l e  A is A , then  t h e  number of c o l l i s i o n s  N 

undergoes before  it t r a v e l s  a d i s t ance  R is given by 

Nq = cf," (11.108) 

The t i m e  it t a k s  for t h e  particle t o  t r a v e l  t h e  d i s t a n c e  R is 

given by 

(I1 . 109) 

where v i s  t h e  ve loc i ty .  

t h e  luminosi ty  L i s  given by 

Applying t h i s  r e s u l t  t o  a s ta r ,  

- Tota l  r a d i a t i o n  enerqy of t h e  s t a r  - 
t (I1 , 110) 

- Y  
Approximate t h e  t o t a l  r a d i a t i o n  energy by U$aT-  3 . 
The mean free pa th  A is yen where is t h e  absorpt ion 

or s c a t t e r i n g  c ross -sec t ion  and n is  t h e  number d e n s i t y  of 

absorbers  or scatterers. Assume  t h a t  t h e  number d e n s i t y  

of scatterers and absorbers is t h e  same as t h e  e l e c t r o n  

number dens i ty ,  we f i n d  

I n= 
L!? c3 
3 

(11.111) 
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Eliminating 
- 
T by using Eq. ( 1 1 . 8 7 ) ,  we  f i n d  

Define t h e  u n i t  t i m e  f, and t h e  u n i t  of s te l la r  luminosity 

L o  and t h e  uni€ of c r o s s  s e c t i o n  eo by t h e  following 

equations: 

Expressing L i n  t e r m s  of L and to , we f ind  
0 

(11.114) 

(11.115) 

(11.116) 

The cross s e c t i o n  C depends on t h e  temperature as w e l l  as 

on the  dens i ty .  Since a t  a given temperature t h e  d e n s i t y  

depends on t h e  m a s s  of a s ta r ,  t h e  cross s e c t i o n  0- depends 

on t h e  mass i n d i r e c t l y  and t h e  r e s u l t i n g  m a s s  luminosi ty  l a w  

is where n i s  close t o  3 .  
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11.9. Evolutionary Time Scale of the Stars. 

The main energy source of a s ta r  i s  t h e  nuclear  energy. 

The time tn for a s t a r  t o  consume i t s  nuclear  energy is 

(11.117) 

where E(Mn) is t h e  nuclear  energy conten t  corresponding t o  

t h e  unburnt nuclear  f u e l  of mass Mn, and L(Mn) is  t h e  luminosity 

a t  Mn, 2 For hydrogen r e a c t i o n s  E(Mn) = 0 . 0 0 0 7 ~  Mn8 we  have 

(I1 . 118) 

The luminosi ty  of a s t a r  is reasonably cons tan t  u n t i l  a 

f rac t ion / \of  i ts t o t a l  a v a i l a b l e  nuclear  f u e l  is  used up, 
Icn 

af te rwards  t h e  s t r u c t u r e  of t h e  s ta r  changes d r a s t i c a l l y  and 

t h e  l m i n o s i t y  inc reases  rap id ly .  ( D e t a i l s  of t h i s  a r e  discussed 

i n  Chapter X I . )  Hence w e  can approximate Eq. (11,118) by 

t h e  fol lowing expression: 

The value of xn is 0.1 f o r  s t a r s  l ike  t h e  sun but  may be  as 

high as 0.5 for  s t a r s  whose masses a r e  i n  excess  of 10 0 . 
Using Eq.  (11,116) f o r  L, we f ind 

For t h e  Sum &$=oaI, w i  5 
c a l c u l a t i o n  g ives  a value of 10 

and tod 9x109 years .  Deta i led  

10 yea r s ,  For stars of masses ~ 3 0  @ 
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6 t h e  l i f e  t i m e  i s  only around 10 yea r s .  Hence a l l  massive . 
stars w e  now observe are r e l a t i v e l y  young Population I 

stars, newly condensed from t h e  i n t e r s t e l l a r  medium. 

According t o  t h e  c u r r e n t  theory  of t h e  o r i g i n  of t h e  elements, 

a l l  chemical elements are synthesized i n  s te l la r  nuclear  

r eac t ions  and r e d i s t r i b u t e d  i n t o  space by supernova explosion 

or steady mass loss processes. This  expla ins  why massive s t a r s  
.I 

are r i c h  i n  heavy elements. 


